Control of the polarization state of light is essential for many technologies, but is often limited by weak light-matter interactions that necessitate long device path lengths or significantly reduce the signal intensity. Here, we investigate a nanoscale plasmonic aperture capable of modifying the polarization state of far-field transmitted light without loss in the probe signal. The aperture is a coaxial resonator consisting of a dielectric ring embedded within a metallic film; parity-time (PT) symmetric inclusions of loss and gain within the dielectric ring enable polarization control. Since the coaxial aperture enables near-thresholdless PT symmetry breaking, polarization control is achieved with realistic levels of loss and gain. Exploiting this sensitivity, we show that the aperture can function as a tunable waveplate, with the transmitted ellipticity of circularly polarized incident light changing continuously with the dissipation coefficient from pi/2 to 0 (i.e. linear polarization). Rotation of linearly polarized light with unity efficiency is also possible, with a continuously-tunable degree of rotation. This compact, low-threshold, and reconfigurable polarizer may enable nextgeneration, high-efficiency displays, routers, modulators, and metasurfaces.
I. INTRODUCTION
Polarization is a critical degree of freedom in a variety of optical components, including waveguides, filters, and detectors. As these components become increasingly small, efficient, and adaptive, polarizers must be designed with similar goals in mind. Compact and high-purity polarization has long been achieved using metal wire grid structures. Wires are relatively easy to fabricate on submicron scales, but the purity of the polarization comes at the expense of transmission; for example, the conversion of circularly polarized light to linearly polarized light reduces the transmitted intensity by 50%.
Improved efficiency can be achieved with polarization converters. For example, metasurfaces have enabled deeply subwavelength polarization conversion by controllably applying a phase delay or amplitude modulation to one polarization with respect to another [1] [2] [3] [4] . A variety of waveplate behaviors as well as spatial and spectral control have been achieved in both metallic and all-dielectric metasurfaces. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . More recently, these metasurfaces have also enabled reconfigurable optics, using liquid crystal layers [15] [16] [17] [18] , phase change materials [19] [20] [21] [22] , electrical modulation [23] [24] [25] [26] [27] [28] , and mechanical modulation 29, 30 . However, such transformations are usually binary, switching between two operating modes, and often come at the expense of increased device footprint.
High-efficiency, reconfigurable polarizers may become active components for displays, routers, modulators, and processors. In this paper, we theoretically demonstrate how a continua of polarization states can be generated from an active, nanoscale plasmonic aperture. This aperture controls the amplitude of two orthogonal linear polarization states to create almost arbitrary output polarizations. Active control is achieved with a nonHermitian, parity-time (PT ) symmetric configuration of loss and gain within a plasmonic coaxial aperture. Our design addresses three of the critical needs of future polarizers: (1) the device is nanoscale, (2) the device does not attenuate the transmitted intensity during the polarization conversion process, and (3) the device could be externally tuned by optical or electrical means to modify the output polarization. We show two test cases for polarization control: circular polarization conversion to linear polarization and rotation of linear polarizations. In both cases we focus on light scattered to the far-field in the direction normal to the surface. We also characterize the intensity and phase of a particular linear polarized component of this transmission.
PT -symmetry is a relatively new tool added to the optical engineer's toolbox but has already enabled numerous photonic and plasmonic devices, ranging from ultra-sensitive sensors to efficient modulators, multiplexers, and directional lasers. [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] The balanced inclusion of gain and loss along an axis of symmetry (while maintaining a uniform real refractive index) describes the most general example of optical PT -symmetry 41 . The magnitude of balanced gain and loss, i.e., the absolute value of the imaginary part of the refractive index, represents the deviation of a closed photonic system from Hermiticity. Accordingly, we refer to this value as the non-Hermiticity value, κ.
Recently, the concept of PT symmetry has been extended to the polarization degree of freedom. Employing a periodic array of specially designed subwavelength resonators, or meta-atoms, distinct amplification or dissipation rates can be achieved for spatially co-located but orthogonally polarized light. 37, [42] [43] [44] points, and therefore represent a novel mechanism for achieving efficient asymmetric polarization transformations within arbitrary basis representations. Previous investigations have however all relied upon coupling between different resonators or guided modes. In this case, the need to meet a structurally dependent gain threshold has limited experimental observations, especially in the optical regime. Precise coupling, absorption and dissipation coefficients also need to be maintained to get a desired output polarization.
As the amount of loss and gain is increased, the eigenmodes of the system coalesce, becoming non-orthogonal and ultimately, degenerate at the exceptional point (EP). These EPs are remarkably sensitive to any system parameter variation, and so most PT -symmetric devices are designed to operate at or beyond this EP based transition. The location of the EP in parameter space is controlled by the degree of non-Hermiticity and geometry. While a finite amount of loss and gain is generally required to reach an EP, recent designs based on modal degeneracy and temporal variation can enable thresholdless operation [45] [46] [47] [48] . These distributions help PT -symmetric systems become realizable with physical values of gain and loss, and they are fully leveraged in the coaxial geometry under investigation in this work.
A schematic of the plasmonic coaxial aperture is shown in Figure 1 (a). Note that similar resonator designs have been used to achieve extraordinary optical transmission, negative refractive indices, and low-threshold plasmonic lasers. [49] [50] [51] [52] [53] [54] [55] [56] As seen, the coaxial resonator consists of a 25 nm dielectric channel embedded within a 300 nm thick silver film. The core's radius is 60 nm, for a total coaxial cross section of 170 nm. The Ag is modeled with empirical data from Johnson and Christy. 57 , to include realistic losses. The real part of the refractive index of the dielectric channel is n = 1.5, while the imaginary part, ±κ, is dynamically adjusted from 0 to 0.0187 during device operation. These values are achievable with traditional sources of gain media such as dopant dyes that could be introduced into a SiO 2 host [58] [59] [60] . The distribution of positive or negative κ is azimuthally defined as four alternating quads of gain and loss, producing two-fold mirror symmetry.
II. TRANSMISSION OF THE PT -SYMMETRIC COAXIAL RESONATOR
The transmission spectra of the finite coaxial aperture is highly dependent on the addition of gain and loss when illuminated with an incident plane wave. the lowest order Fabry-Perot mode.
The sharp increase in transmission for even small amounts of gain and loss can be understood by considering the imaginary part of the wavevector for the mode supported by an infinitely-long coaxial waveguide. Figure 1(c) details the κ dependence of the imaginary part of the three complex eigenvalues of the PT -symmetric coaxial waveguide when excited with 1117 nm light. The degeneracy of two modes is broken for κ = 0 producing amplifying or attenuating behavior (Im(β) less than or greater than zero, respectively). In a previous work, we showed that these eigenvalues correspond to modes localized to the gain and loss sections in the coaxial waveguide, with near-linear polarization distributions.
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Because only the imaginary part of the channel refractive index is modulated, the resonance wavelength changes by less than a nanometer-a distinct advantage of this design over alternate phase-change material approaches. Although we report our findings for a specific wavelength with a specific geometry, future devices could easily be tailored across a wide spectral range by varying the dielectric channel thickness, the core diameter, and the aperture's length. Alternative dielectric fillers and metals could also tune the response of the resonator and would be particularly useful in regions of the electromagnetic spectrum where silver's response is not ideal.
The total transmission for the PT -symmetric coaxial aperture increases with κ, and results in distinct output polarization states in the far field. Our first example of polarization control is conversion from circularly polarized light (CPL) to linearly polarized light (LPL), schematically illustrated in Figure 2 (a). The near fields at the end of the aperture are displayed in Figure 2 (b) for select values of κ. The peak fields are found along the core of the coaxial channel for all values of κ, but the azimuthal distribution differs. Note that all fields are self-normalized, so the variations caused by increasing κ are most evident in the decreased fields in the loss sections of the coaxial ring. When κ = 0.006, the peak fields near the core interface are altered first, and the fields in the loss sections drop by roughly a factor of two compared to the peak fields in the gain sections. A node starts to appear in the middle of the loss sections for κ = 0.012 and reaches near-minimum fields at κ = 0.018. Throughout the full range of operation, the gain regions appear largely unchanged because of the self-normalization but experience well over a two-times amplification. The changes in the near-fields can be relevant for directional or locationally dependent near field coupling applications. To confirm the transmitted polarization state, we propagate the forward scattered light to the far-field, in the direction normal to the film surface, and analyze the transverse electric field components. 
III. POLARIZATION CONVERSION WITH CIRCULARLY-POLARIZED ILLUMINATION
Figure 2(c) shows the polarization state of the coaxial aperture's far-field transmission for a range of κ when illuminated with CPL; we consider the fields normal to the coaxial aperture. The Poincare sphere is oriented such that the north and south poles correspond to CPL, while the equator is LPL. The polarization is marked with circles for κ = 0 through κ = 0.0187, as indicated by the colormap. Each point represents a κ = 0.01 increment, aside from the last, which represents a 0.0087 increment. The points show a smooth progression from CPL, through varying degrees of ellipticity, to linear polarization. The polarization angle is approximately 45
• , the angle corresponding to the center of the gain region.
We next investigate the change in phase of the orthogonal polarizations. Figure 2(d) shows that the difference in phase between the electric field in x and y direction drops from π 2 to zero as the polarization transitions from circular to linear. The simulation shows a sublinear drop from a π 2 phase difference to a 0 phase difference when κ = 0.0187, the value at which the loss mode is diminished and the gain mode is sufficiently amplified.
To explain the rate of change of ellipticity as a function of κ, we develop a basic model that captures the anisotropic amplitude modification. Briefly, we consider two orthogonal linear polarizations, one aligned to the loss sections of the coaxial resonator, and one aligned to the gain sections. Note that these states form a basis from which all polarizations can be built through variations in phase or amplitude. The loss-aligned polarization (−45
• ) experiences enhanced absorption as κ is increased, and the gain-aligned polarization (45 • ) experiences less absorption or even amplification. Variations in the orthogonal polarizations allow the coaxial aperture to effectively pull an input polarization state towards a linear polarization state aligned with the gain sections. Since the aperture modifies only the intensities of the orthogonal polarizations, we can model the transmission of the two linear polarizations as Lorentzian oscillators and consider their peak transmission on resonance as:
where a and b relate to the scattering cross section and lifetime of the resonance at κ = 0. By fitting the transmission dependence as a function of κ for the two orthogonal polarizations, we determine a = 6.3967e −5 and b = 0.0197. This basic model well-described the phase-difference behavior in our coaxial polarizer, seen in Figure 2(d) .
IV. POLARIZATION CONVERSION WITH LINEARLY-POLARIZED ILLUMINATION
Selective amplification and absorption can also be used to achieve continuous polarization rotation of linearlypolarized light. Here, the non-Hermiticity parameter serves to adjust the relative amplitudes of the orthogonal field components. The electric field intensity at the end of the coaxial aperture is shown in Figure 3 (a) when the structure is illuminated with −35
• linearly polarized light for four values of κ. −35
• corresponds to 10
• away from the loss axis, and so the electric fields are localized to the loss sections while field nodes exist in the gain sections. As κ is increased, the electromagnetic hot spots and nodes rotate counter-clockwise around the dielectric ring, appearing to almost straddle the divide between the gain and loss sections when κ = 0.012. Beyond κ = 0.012, the rotation increment per κ increases; by κ = 0.018, we see that the electromagnetic hot spots have aligned with the gain sections, and the weaker nodes are aligned with the loss sections. The slight elevation of the field minima suggests that the polarization has taken on some minor ellipticity for this full 80
• rotation. For input polarizations beyond 85
• offset from the gain-angle, we • . The field intensity rotates around the coaxial structure. Each field is self-normalized, with the intensity for κ = 0.0187 being approximately an order of magnitude lower than that in figure 2(a) . The output intensity is still greater than the passive (κ = 0) case. (b) Poincare spheres are oriented so that the perimeter of the projection represents linear polarization. The polarization state moves along the perimeter. Input polarizations of −5
• and −35
• rotate with increasing κ to the gain angle of 45
• . (c) Output polarization angle as a function of the input polarization and κ, shows polarization is pulled towards the gain axis (45 • ) as κ is increased to 0.0187. (e) Simulation and model of the output polarization as a function of κ showing −5
• , −15
• , −25
• , and −35
• input polarizations rotated to 45
• .
see the coaxial aperture functions as a polarization filter and increasingly absorbs light for higher values of κ. LPL inputs between −40
• and −50
• will therefore lose some intensity when passed through the coaxial aperture.
The progression of the normal far field polarization rotation is illustrated for two input linear polarizations, −5
• , in Figure 3(b) . The Poincare spheres are rotated such that the perimeter corresponds to linear polarized outputs (equator). For both inputs, we see that for κ = 0.0187 the polarization is pulled to 45
• , the an- gle corresponding to the gain sections. When the input is −5
• , the points are relatively equally spaced and lie directly on the perimeter. In fact, for the final 45
• output, the ellipticity ratio between the gain aligned polarization and the loss aligned polarization (major axis and minor axis) is over 550. Conversely, when the input polarization is −35
• , the spacing between the equal steps in κ appears nonlinear, and for the maximum degree of rotation the point lies slightly off the perimeter, indicating some ellipticity. For this maximum range of 80
• rotation, the elliptical contrast ratio between the gain and loss axis (major axis and minor axis) is approximately 25.
A complete range of input polarizations and their resulting far-field output polarizations is shown in Figure 3(c) for four select values of κ. All input polarizations which are offset less than 80
• are fully rotated to 45
• . We see the polarizations are pulled down to the gain axis at 45
• with nonlinear rates that vary both as a function of input polarization and κ. The nonlinearity of the polarization rotation is explored more thoroughly in Figure 3(d) . For −5
• and −15
• inputs, we see roughly linear polarization rotation as a function of κ in both the simulation and the model. As the total distance of rotation is increased, as in the case of −25
• inputs, we see the sensitivity of the output polarization to κ increases with κ in both the simulation and the model. This nonlinearity arises from the inverse relationship between the transmitted fields and κ. The model shows good agreement with the simulation for all cases, often overlapping with one another, and differs only at the highest values of κ. What little difference between the simulation and model we do see in Figure 3 (d) and Figure 2(d) can be attributed to a slight resonance wavelength mismatch (< 1 nm) of the gain-aligned and loss-aligned transmission. The effect is more pronounced at high values of κ, as the line width of the gain-aligned mode decreases substantially.
Although we motivate the PT -symmetric coaxial aperture as a means of altering the polarization, if the coaxial aperture is paired with a polarizer it may also function as an active amplitude and phase modulator. In Figure 4 , we show that if the output of the aperture is filtered to be aligned with the gain-axis at 45
• with a separate polarizer, the total far-field normal intensity varies by roughly 200 times regardless of input polarization condition. A similar trend is observed in the basic model described above, thought the model overestimates the intensity, as it does not include the slight peak shift. The peak shift can also be used to modulate the phase of transmitted light, as evidenced by the nearly π 2 phase shift.
V. SUMMARY AND OUTLOOK
We have theoretically demonstrated a nanoscale system for active polarization control using parity-time symmetric inclusions of gain and loss within a plasmonic aperture. The aperture is capable of transforming circularly polarized light to linearly polarized light by increasing the imaginary part of the refractive index in the gain and loss dielectric materials. Linear polarization rotation is also achieved through the same mechanism. Active polarization control could be experimentally realized with realistic materials by simply changing the optical or electronic pump conditions of this medium. Further, gain saturation in this structure could enable a variety of thresholdless nonlinear phenomena, including wireless power transfer 61 , on-chip isolation 62 , and broadband nonreciprocity 63 . Both in the linear and nonlinear regime, these nanoscale coaxial resonators could be relevant for polarization control when coupled to emitters; for thin-film polarization filtering in display technologies; and for phase, polarization, or amplitude controlling metasurfaces.
The third EWFD was the scattering transmission environment. This final simulation was fed the fields of the first two simulations as a background field. The scattering simulation was surrounded in a scattering boundary conditions and perfectly matched layers to attenuate the scattered fields.
The far-field monitor was placed on the opposite side of the metal aperture from the excitation ports 50 nm away from the surface. The monitor was a half-sphere with a radius of 200 nm. Far fields were determined using COMSOL's far-field domain solver, which uses the Stratton-Chu method. We found the monitor and solver produced little variation in the far-fields propagated normal to the surface across a variety of monitor sizes and separations.
The whole simulation volume was meshed with tetragonal cells, with a maximum size of 8 nm in the coaxial channel, 30 nm in the metal, and 100 nm in free space. The PML was 150 nm thick with five layers. We saw no variation in the reported values when the thickness of the PML regions was increased.
Appendix B: Derivation of Equation 1
We can model the optical response of the PT coaxial aperture as two perpendicular dipole antennas, one aligned with the center of the gain segments and the other aligned with the center of the loss segments. Such a dipole with a passive dielectric inclusion can be described by a Lorentzian function,
where p i , E i , a i , b i , and ω i represent the dipole emission, incident field strength, dipole strength, dissipation rate (consisting of both radiative and nonradiative mechanisms) and resonant frequency in the ith direction, respectively. With small loss and gain added to the dielectric inclusion we expect only a linear modification to the dissipation coefficient, b i → b i ± κ.On resonance, ω g = ω l = ω and the associated transmission can then be written as
and
